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Why being interesting by doing statistics with kernels ?

Define nonlinear models and methods as if they were linear
Leverage non-euclidean data as if they were euclidean



Statistical Learning : key components

e Data representation

e Hypothesis space /
architecture

e Loss function
e Constraints and regularization

e Learning algorithm

e Evaluation metrics

o Model selection Example of supervised learning



General principles to build a model

Local average (k-neighbours, tree) : h(x) := ZJ 1 Ixer;

Agregation/ committee (random forest, boosting) :

h(x) = 31 ache(x)

e Layer composition (deep architectures) : h(x) := hpoh;_10...h(x)
Kernel based models : h(x) := Y7 | aik(x,x;)

N.B. the models are here illustrated for regression tasks



Parametric/non-parametric modeling

Parametric modeling : h is entirely
determined by a parameter 6
(vectors, matrices, tensors) - The
form of the function is known.

e Linear models

e Neural networks

Non-parametric modeling : the form
of his not known before training
except that training data play the
role of main parameters (there are
other parameters)

h(x) := Zai(X)YI (1)
i=1

Kernel models enter this category.



Kernel Machines

e Use kernel as a building block for modeling : a kernel is a similarity
with nice properties

e Benefit from the mathematical framework aka Reproducing Kernel
Hilbert Space theory

e Principled way to learning with a minimal number of
hyperparameters

e Can be applied instead of linear models everywhere : dimension
reduction, clustering, regression, novelty detection, classification,
multitask...

e Exploit duality principle and convex programming machinery
e Can be shallow or deep

e Suffer from data volume if not approximated



Using kernel as a building block

Kernel : a (very) first informal definition
For (x,x") € X x X' (data space),

k(x, x") := similarity between x and x/,
with a very special property : there exist H and ¢ such that :
k(X7X/) = <90(X)/ SO(X/)>H

We will say more about H and ¢ in a minut.

Examples of kernels : kernels on vectors,


https://www.kdd.org/exploration_files/Gaertner.pdf

A classic kernel example

Polynomial kernel in R? :

@:R* - R}
(@1,29) = (21,2, 2) = (g, V2122,23)
»e
! /\2 2.2 / / 2 2
kpot (3, X') = (x,X")22 = (x1X] + x254)% = xEx{* + 2x1x{ %055 + X3 %)

| can exhibit : ¢(x) € R3 defined by :
01(x) = X2, @a(x) = V2x1x0, @3(x) = x3 such that :

kpol(X7 X/) = <50(X)a SO(X/)>R3

KERNEL TRICK : | can compute k,o; without working in H = R3.



Kernel trick

Instead of working X, | do as if | was sending my data into a space H
but without the pain of working in it. The inner products are given to me
by the means of k(x,x")

Input Space Feature Space

Let us define the model : f(x) = BT ¢(x), | can now solve the linear
regression problem.
Now let us go beyond the polynomial kernel.



How do we do that?

Teaser about Reproducing kernel Hilbert space

)

oy

Input Space Feature Space

If k is a symmetric, positive definite function, then there exists a unique
feature space Hy and feature map ¢ such that :

O k(XaX/) = <<p(X)7(rO(X/)>'H
e and k(-,x) € H satisfies the reproducing property :
F(x) = (F, k(- x))n

Hi = Span{p(x) = k(-,x) : x € X} € F(X,R) and o(x) = k(-, x).
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Kernel Machines Principle

Use kernels as a building block for your model f in order to work with fj;, :
f(x) = (f, k(- x))n
as "easily” as working with

fiin(x) = (B x)-
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Reason 1 to know about Kernels and Reproducing Kernel Hil-

bert Spaces : building nonlinear model

Use linear methods to solve nonlinear problems :

Linear regression
(least-squares, ridge)

Linear classification

Linear dimension reduction,
canonical correlation analysis

Clustering : k-means

Linear modeling of time-series

Kernel ridge regression, Support
Vector Regression

Support Vector Classification
Kernel PCA

Clustering : kernel-k-means,
spectral clustering

Kernel Dynamic modeling

12



Gaussian kernel

Gaussian kernel over RY : k(x, x") = exp(—||x — x||?).
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Teaser : Kernel Principal Component
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Principal Component Analysis

Assume data are centered (). x; = 0).

n
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Kernel PCA

e Idea : replace the projection operator by a nonlinear function in the
RKHS #H,

Let ¢ be a feature map associated to k

Assume that ). ¢(x;) = 0 (otherwise center it)

Intuition : notice that f(x;) =< f, p(x;) >,

e We assume that : Y7, ¢(x) =0

The first principal component in the feature space can be found by
solving :

n

f ,'2:< f, i >2
AL 2 (xi) (xi) >3,

2
st ||, =1
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Reason 2 to know about Kernel Machines : complex inputs

Use non-vectorial data as input :

00 00

Biomolecule cancer cell lines
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Reason 3 : complex outputs

Use vectorial and non data as outputs to solve structured output

prediction
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Reason 4 : understanding neural networks

e Equivalence between a
shallow kernel machine and a
specific neural layer :
Random Fourier Feature
(Rahimi and Recht, 2007)

e "overfitted” networks /
interpolated classifiers :
understanding the near-zero
generalization error for
deep/overparametrized
models (Belkin et al. 2017,
18, 19)
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Reason 5 : un ing neural networks

e Understanding/approximating
convolutional networks with

RKHS :

e Neural Tangent Kernel :

Jacot et al. (2018)
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https://papers.nips.cc/paper/2014/file/81ca0262c82e712e50c580c032d99b60-Paper.pdf
https://arxiv.org/pdf/1806.07572.pdf

Introduction to Kernels and
Reproducing Kernel Hilbert
Spaces



How to learn with kernels ?

fig/pillar-rkhs-small

-png

e We introduce the minimal set of theoretical tools to work in a

principled manner and solve machine learning problems with kernels
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Kernel Definition

Let X be a non-empty set.

Definition 1 (Positive Definite Symmetric Kernel)
A function k : X x X — R is said to be a Positive Definite Symmetric

(PDS) Kernel if

V(x,x'") € X x X, k(x,x") = k(x',x)
o (symmetry)

o V(x1,...,%xp) € X"V € R”,Z7j:1 aik(xi,xj)o; = a’Ka > 0

1,
(positiveness)

where K € R"*" is a matrix whose entries are : Kjj = k(x;, X;).

N.B.We ask that any Gram matrix built from a finite number of elements in X

has its eigenvalues greater or equal to 0, e.g. to be semi-definite positive.
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Our classic kernels on R?

e Linear kernel : k(x,x") = xTx’'
e Gaussian kernel : k(x,x") = exp(—7|lx — x'||?)

e Polynomial kernels : k(x,x") = (xTx' + 1)

23



Closure properties of kernels

closure property \ feature space representation

a) K ( 'y) + Ka(z,y) O(z) = (®1(2), 22(2))”

b) aK;(z,y) for a >0 &(z) = /ad,(z)

c) Ki(z,y)Ka(z,y) ®(z)i; = ®1(x)iP2(z); (tensor product)
d) f()f(y) for any f O(z) = f(z

e) 7 Ay for A= 0 (ie. psd) | ®(z) = L7z for A= LLT (Cholesky)

From those properties, we conclude that a polynomial of kernels is still a kernel.
the pointwise limit of kernels is also a kernel.

Exercise: : prove these properties.
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Cauchy-Schwartz inequality

Cauchy-Schwartz inequality
Let k be a PDS kernel then V(x, z) € X2, we have :

k(x, 2)2 < k(x,x)k(z,2)

Proof : consider the matrix :

then, det(K) = k(x, x)k(z,z) — k(x,z)?. We know that K is
semi-definite positive so det(K) > 0.

25



Reminder about Hilbert space

Hilbert spaces are the analogous of euclidean spaces, they are especially
useful for functional analysis and quantum physics.

Definition 2 (Hilbert Space)
A Hilbert space is a complete inner-product space; that is, an inner

product space in which every Cauchy sequence is convergent for the
metric induced by the inner product(norm).

N.B.We will note the inner product (-, )3, the associated norm || - ||
satisfies : ||h||? = (h, h).

26



Definition 3 ﬂReproducing Kernel Hilbert space - RKHS)
Let H be a Hilbert space of R-valued functions on non-empty set X'. A

function k : X x X — R is a reproducing kernel of , and H is a
reproducing kernel Hilbert space if :

o Vx € X, k(-,x) €H,
o Vx € X,Vf € H,(f, k(-,x))n = f(x) (reproducing property).

In particular, for any x,y € X,

k(x,y) = (k(-, %), k(¥ ))n

27



Building a RKHS from a PDS kernel k

Theorem 4 (Reproducing Kernel Hilbert space induced by a kernel

iAronszajn, 1950
et k: X x X = R be a positive definite symmetric kernel. Then, there

exists a Hilbert space H and a function ¢ : X — H such that :

V(x,x") € X x X, k(x,x") =< ¢(x), o(x") >x

Furthermore, H is the Reproducing Kernel Hilbert Space associated to k
and k is its reproducing kernel, e.g. has the following reproducing
property :

Vf e H,Vx € X, f(x) =< f,k(-,x) >

28



Constructive Proof 1/5

Let us define Ho = {>_,c, aik(-, xi), xi € X, |l| < oo}
Ho is the set of finite linear combinations of functions x — k(-, x;).
Introduce the operation <, -, >4, :

Vf, g, € Ha, f(-)

Z a,-k(-, X,')

iel
g() = D> Bik(-z)

jeJ

by
< f,g >nyi= Z aifBik(xi, z)
iel,jed

We notice that :

<fg>= Bif(z) =Y ciglx)

jed icl
meaning that this product between f and g does not depend on the expansions of f or g.

It also verifies < f, f >3,,> 0 and
< f,f >Ho= 0

if and only if f = 0.

29



Constructive Proof 2/5

We define a norm from this product :

Hf”iO =<, f 9= Z a;Kjo; = a'Ka
icl jel
where K is the Gram matrix associated to k.
Remark : we have a Cauchy-Schwartz inequality for PDS kernels (that we
will use).
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Constructive Proof 3/5

We need to prove that we have the reproducing property :

< k(X)) >ny, = < Zak(~,x),k(~,x,-) >
= ZCX,‘/((X,X,‘)
= f(x)

Now H, is named a pre-Hilbert space and we need to complete it with the limits of Cauchy
sequences to get a Hilbert space.
Let (f,)n, a Cauchy sequence of functions of Hj.

Ve >0,3N € N,Vp,q> N, ||f, — f||> < €
Let us consider # = {lim of Cauchy sequences from7Ho}.
note that Ho C H.

To ensure the reproducing property for these new functions, we need to have the pointwise
convergence of Cauchy Sequences (f,(x)), for x € X.

31



Constructive Proof 4/6

Proof of pointwise convergence of (f,(x)), for x € X
Vx € X,V(p, q) € N?,

| <oy k(- x)— < fo, k(-,x) > |
= | <fp—fok(,x)>|

[fo(x) = f4(x)]

IN

< fp — fq, fy — fg >1/k(x, x)

IN

> = fall y/ k(x, x)

Then it comes that (f,(x)), is a Cauchy Sequence in R and thus has a limit.
now f(x) := limp— oo fr(x).
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Constructive Proof 5/6

Now let us consider the space H of functions that are pointwise limits of
Cauchy Sequences in Hg. Note that Ho C H.

Our goal is to define an inner product on 7, and show the reproducing
property, i.e. that H is a RKHS with k as reproducing kernel.
Intermediate result : Any Cauchy Sequence (f,), € Ho that converges
pointwise satisfies : lim, o0 || f1]l2, = O..

Proof by using Cauchy-Schwartz.
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Proof 5/6

We then show that if we have two Cauchy sequences (f,) and (g,) in Ho,
then their inner product < f,, g, >4, converges (using Cauchy-Schwartz
and reproducing property) and the limit only depends on the limits of the
functions, f and g.

We then can define for two functions f and g in H that are pointwise
limit of (f,) € Ho and (g,) € Ho :

< f,g >y= lim <f,, g, >n, -
n—oo

This is a bilinear form. For the norm, defined as : < ||f[|2, =< f,f >4,
we need to verify that :

if ||f||2, = Othenf = 0.

Use the fact that f is a pointwise limit of a Cauchy sequence in Hy....
We have the reproducing property as well. If we want to compute

< f,k(-,x) >4, using the reproducing property in the pre-hilbert space :
we have lim,_oo < fo, k(-, x) >= lim f(x) = f(x).

34



Unicity theorem

Theorem
Let k : X x X = R be a positive definite symmetric kernel and H be a

RKHS built from k and X, then H, is unique.

Exercise: : prove it.
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Feature Space and feature map

Any Hilbert space H such that there exists ¢ : X — H with :
V(x,x') € X x X, k(x,x") =< o(x), o(x") >
is called a feature space associated with k and ¢ is called a feature map.

36



Learning with kernels




Machine Learning : a statistical viewpoint

Supervised Learning

Let S = {(x;,yi)}74, a i.i.d. sample drawn from 1 a joint probability
distribution defined on the random pair (X, Y) : X takes its values in RY
and Y is real-valued.

Supervised learning problem
Given a loss function £ : R x R — R*, the goal is to find a solution of :

min B, [£(Y, F(X))], (2)

using the help of the training labeled sample S.

Examples of losses : /(y,f(x)) = 1,.¢(x) for binary classification,
Uy, f(x)) = (y — f(x))? for regression.

37



Machine Learning : a statistical viewpoint

Supervised learning problem
Given a loss function £ : R x R — R, the goal is to find a solution of :

arg min E, [£(Y., F(X))] ©

using the help of a training labeled sample S.

N.B.1/ We cannot solve exactly this problem so we use instead of the
true risk R(f) := E[¢(Y, f(X))] the empirical counter part :

Ra(f) = % 211 Ui £ ().

2/ Moreover, when n is not too large, we avoid overfitting by controlling
the complexity of the model f and minimizing the empirical risk.
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Machine Learning : a statistical viewpoint

Supervised Learning

Let S, = {(xi,yi)}7;, a i.i.d. sample drawn from p a joint probability
distribution defined on (X, Y) : X takes its values in RY and Y is
real-valued.

Regularized empirical risk minimization
Given a loss function /: R x R — R*, Q:H — R" , the goal is now to

find a solution of :

arg it + > (0, hlxi)) + AR(h) (@

Variant :
1 n
in — 14 f7h i
arg min n; (i, h(x))
s.t.Q(h) < C.

39



Machine Learning : two tasks

Let S, = {(xi,yi)};, a i.i.d. sample drawn from p a joint probability
distribution defined on (X, Y) : X takes its values in RY and Y is
real-valued.

e Learning : get h, = A(S,, H,l,\,Q) € H with
S, : training data

H : class of functions

A : some hyperparameter
¢ : Local loss function

Q : regularizing function

A : learning algorithm

e inference (prediction) : given x, and compute h,(x)

40



learning from data within a RKHS

Let k: X x X — R be a positive definite symmetric kernel and Hy, its
corresponding RKHS.

In the following, we have a we want to solve a supervised learning
problem where the hypothesis space is a RKHS H.

For that purpose, we are going to make use of a Representer Theorem
that says that the solution of our problem takes always the form :

fn() = Za;k(x,-, )

41



Representer theorem

Theorem (Wahba, 1978 ; Schoelkopf et al. 2001)
Let {x1,...,x,} be a of points in X. Assume \ is a strictly positive

scalar. Let k : X x X — R be a positive definite symmetric kernel and
Hy, its corresponding RKHS, then, for a strictly monotonically increasing
function g : [0, co[— R and any cost function

c: (X xR)" = RU{+o0}, any function f € Hy minimizing

J(F) = clxa, -y xn, F(x1), oo, F(xn)) + A8 ([ Flloy,) (5)

admits a solution that is an expansion of the form :

fn() = Za;k(x,-, )

42



Proof of the Representer theorem

Let us define : Hy1 = span {k(x;,-),i =1,...,n}

Any f € H writes as : f:flJrflL,with fi € Hy and f+ G”Hf‘
where H= direct sum ofH; and H; .

By the reproducing property, we get :

Fo) =< A() + (), k() >=< A(), k(xi,) >= fi(x)

Hence, c(f(x1),...,f(xs)) = c(f(x1),...,i(xs)) By orthogonality,
IF17 = 1117+ (|5

Similarly we have :

g(If1) = e/ I6]° + [|f]°) = (Il

due to the fact that g is strictly monotonic. Equality occurs if and only
=0

If f is a minimizer of J(f), then f; is also a minimizer of J. if £7°" w.

as
not equal to 0 Moreover if g is strictly increasing, J(f;) < J(f), then any
f =fi + fi- exactly equals to f;.
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A to-do do list

1. Define a PDS kernel : k(-,-) not only as a good similarity between
your input data but also define a RKHS, 7, from k with an
appropriate norm || - ||z, that depends on k.

2. Define a loss functional with two terms : a local loss function ¢ and
a penalty function g

3. Either Prove/use a representer theorem to get the form of the
minimizer of this functional : )", ajk(-, x;) and go to 5, or go to 6

4. Solve the optimization problem in R” instead of H (practical
session), i.e. define a learning algorithm

5. Alternative solution : define the pb in the primal space and then
dualize the primal formulation, and a finite representation is
obtained as well

a4



The example of Kernel Ridge
Regression




Machine Learning : a statistical viewpoint

Supervised Learning

Let S = {(x;,yi)}74, a i.i.d. sample drawn from 1 a joint probability
distribution defined on the random pair (X, Y) : X takes its values in RY
and Y is real-valued.

Supervised learning problem
Given a loss function £ : R x R — R*, the goal is to find a solution of :

min B, [£(Y, F(X))], (6)

using the help of the training labeled sample S.

Examples of losses : /(y,f(x)) = 1,.¢(x) for binary classification,
Uy, f(x)) = (y — f(x))? for regression.
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Machine Learning : a statistical viewpoint

Supervised learning problem
Given a loss function £ : R x R — R, the goal is to find a solution of :

arg min E, [£(Y., F(X))] ™

using the help of a training labeled sample S.

N.B.1/ We cannot solve exactly this problem so we use instead of the
true risk R(f) := E[¢(Y, f(X))] the empirical counter part :

Ra(f) = % 211 Ui £ ().

2/ Moreover, when n is not too large, we avoid overfitting by controlling
the complexity of the model f and minimizing the empirical risk.
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Machine Learning : a statistical viewpoint

Supervised Learning

Let S, = {(xi,yi)}7;, a i.i.d. sample drawn from p a joint probability
distribution defined on (X, Y) : X takes its values in RY and Y is
real-valued.

Regularized empirical risk minimization
Given a loss function /: R x R — R*, Q:H — R" , the goal is now to

find a solution of :

arg min — > Uy, h(x) + A2 h) (8)

Variant :
1 n
in — 14 f7h i
arg min n; (i, h(x))
s.t.Q(h) < C.
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Machine Learning : two tasks

Let S, = {(xi,yi)};, a i.i.d. sample drawn from p a joint probability
distribution defined on (X, Y) : X takes its values in RY and Y is
real-valued.

e Learning : get h, = A(S,, H,l,\,Q) € H with
S, : training data

H : class of functions

A : some hyperparameter
¢ : Local loss function

Q : regularizing function

A : learning algorithm

e inference (prediction) : given x, and compute h,(x)
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A classic example : linear ridge regression

Comparison of ridge regression with ordinary least squares and lasso.

110000
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90000
80000
70000

Salary

60000

—— Ridge Regression
—— Linear Regression
—— Lasso Regression

50000

40000

30000 T T T T T T r
1 2 3 4 5 & 7 ]
‘Years of Experience

Figure (M. Bajwa).
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A classic example : linear ridge regression

Linear Regression in R with a ¢, regularization/

n

arg min 1(8) == = > (i~ 87x) + AI. ©)

d
BER =]

which also writes as : (with y the vector of y/s)
arg min —(y ~ XB) (y ~ XB) + 373 (10)
BERY N
First order condition gives :
oL(B)
B
Note that :

Bridge = (XTX +Anl)7IXTy = XT(XXT + Anl,) "ty := X" tyigge
with Qtigge 1= (XXT 4+ Anl,) " ty.

=0 <= Brigge = (X" X +Anl)1XTy. (11)
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Effect of lambda

Boston House price prediction in function of 5 features.

Ridge Regression Trace

Beta Estimate

—— Room
Residential Zone
—— Highway Access
Crime Rale
Tax

o 5 0 75 100 125 150 175 200
Lambda
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Application of kernel principles to

Let us solve the kernel ridge regression problem in Hy :

1

arg min L(F) := 3 (i = F(x))* + A, (12)

The representer theorem applies :
n
f(x) = Zaik(X7 X;)
i=1

Denoting K the n x n Gram matrix, we can write :

1
o) = IIY—Kal®+ [P

1
= (- Ka)™(Y — Ka) + \a’Ka,

where Kjj = k(xj, X;).
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Application to kernel ridge regression

First order conditions :

oL 1 . .
= —EK(Y—Ka)—&—)\Ka

n

1 1
—ZKY + ZK’a+ \Ka
n n

We have : £ =0 <= K(Ka+ n\l) = KY.
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Kernel ridge regression

K((K+n\)a—Y) =0

Let us note : z= (K + n\)a — Y.

We have 2 ways to search for a solution : Kz = 0 means that z € KerK.
However let us look first at the case z = 0. NB : (K + A/) is invertible if
A is strictly positive

In this case, z = 0 implies & — (K + n\I)7'Y =0

Then, a = (K + n\I)~1Y is a solution.
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Kernel ridge regression : cont’d

Do we have other solutions with z £ 07
We take : @’ = o + € with Ke = 0.
Now, what if we compare f, and fy/ :

| for — faH2 = (a’—a)TK(o/—a)
= ¢'Ke
=0
so the solution is unique and writes as : a = (K + A/)~1Y
N.B. In practice we prefer not to inverse a n X n matrix, either we use

low rank approximation or we use stochastic gradient descent algorithm
to find the minimum. See practical session.
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Kernel ridge regression : the effect of regularization

Learning the sinc function

The plot below illustrates the approximation of the sinc function by kernel ridge regression.

You can play with all the hyper \’7 abserve their influence on the model.
sin(ax;
. The target function is sinc(x) = (#x)
KRR ol M1 xx
- Choose a number of data: N = (50 v
L] \ akernel : [Gaussian v
. . ; \ 'Y @| akemel parameter: (1~
K3 oo LAY '. ——y " I 2
L - e * <@ | and a regularization constant: A =[10 ~
~ E R . X
. % %, 4
Kernel ridge regression yields the model
=3 exp( e ) with & = 1

See illustration here (Fabien Lauer, Loria) :

https://mlweb.loria.fr/book/en/kernelridgeregression.html.
56
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Kernel ridge regression : the effect of regularization

Learning the sinc function

The plot below illustrates the approximation of the sinc function by kernel ridge regression.
You can play with all the hyper to observe their influence on the model.

7 o sin(zx)

The target function is sinc(x) =

ax

target function
KRR model
Choose a number of data: N =[50+ ]
a kernel : [ Gaussian -
e a kernel parameter: (1 v
* and a regularization constant: 4 =[1 )
. —
Kernel ridge regression yields the model

—Cex)

=3« cxp( = ) witho = 1

See illustration here (Fabien Lauer, Loria) :
https://mlweb.loria.fr/book/en/kernelridgeregression.html.

57


https://mlweb.loria.fr/book/en/kernelridgeregression.html

Kernel ridge regression : the effect of regularization

A=0.01

Learning the sinc function

The plot below illustrates the approximation of the sinc function by kernel ridge regression.
You can play with all the hyperp. t’e observe their influence on the model.

‘arget funcion sin(zx)
KRR model

The target function is sinc(x) =

;X
Choose a number of data: N =[50 |

a kernel : | Gaussian ~ |

a kernel parameter: (1 v

and a regularization constant: 4 = [001 v

Kernel ridge regression yields the model

—(x

=3« exp(%) with o = 1

See illustration here (Fabien Lauer, Loria) :
https://mlweb.loria.fr/book/en/kernelridgeregression.html.
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Kernel ridge regression : hyperparameter selection

hyperparameter : A\ (and o if the kernel is chosen to be Gaussian).

e Cross-validation

e Special case leave-one out (LOO)

The Generalized Cross-validation estimator was introduced in 1978
(Grace Wahba) as an approximation of the LOO estimator :

yT(K+ )2y

GCV)\(K,_}/) = HW.

This estimator has been proven to be uniform consistent and the

convergence is non-asymptotic. See very recent work (March 2024) of
Misiakiewicz and Saaed (https://arxiv.org/pdf/2403.08938).
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Linear case

What if the kernel is linear : k(x,x’) = x"x’, i.e. K = XX . we have :

Crigge = (XXT + nA)7LY (13)
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Revisiting SVM




Revisiting SVM

Binary classification

o Let S = {(x;,yi)}" 4, aii.d. sample drawn from  a joint probability
distribution defined on (X, Y).

e X takes its values in X’ and Y takes its values in Y = {—1,1}

e Choose a PDS kernel k over X (for instance when X = RY, use the
Gaussian kernel.

e Define H, the RKHS associated to k.

e Consider binary models of the form :
f(x) = sign(h(x)),

with h € Hy.
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Pick up the hinge loss function : :
™,

ghinge(yv h(X)) = max(l - yh(X)a 0)

which is a convex upper bound of the L e =

non-continuous 0-1 loss.
Figure 1 — Green : 0-1 loss as a

function of the functional margin
z = yh(x), and Blue : hinge loss as a
function of z = yh(x)
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Revisiting SVM at the lens of the representer theorem

Regularized empirical risk minimization with hinge loss
Given a loss function £ : R x R — R™, | the goal is now to find a solution

of :
arg mlanmax 1 — yih(x;),0) + Allhll3, (14)

Representer theorem applies.
h(x) = 37, aik(x,x;) = D°1_; aip(x;). The optimization problem now
writes :

1 _ T
argortrélﬂrgn Zmaxl yi(Ka);,0) + A’ Kav. (15)

Finite dimensional optimization problem but still a difficulty remains with
max
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Revisiting SVM at the lens of the representer theorem

Let us introduce slack variables &1, ..., &, € R s.t. the problem rewrites :

. 1
min  —

n
acRnée R n Zﬁ; +haKa
’ i=1

and f,’ > 1 —y,-(Ka),- and 6,‘ > 0.
Once you get a, you have h(x) from h(x) = ", ajk(x, x;).
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Solving the problem

We recognize a quadratic optimization problem with affine constraints for

which the saddle point theorem applies -

Define the Lagrangian and the Lagrangian coefficients
Apply first order optimality condition
Re-write the Lagrangian as a function of the Lagrangian coefficients

The optimization problem can be easily solved by a solver (convex
optimization with affine constraints)

Insights on the support vector by applying the whole set of
Karush-Kuhn-Tucker conditions
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The problem we solved is not exactly the orignal SVM

Usually we take : f(x) = sign(h(x) + b), with b € R.
We need a semi-parametric representer theorem to treat this case.
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Semi-parametric representer theorem

Theorem 5 (Semi-parametric Representer Theorem (Schoelkopf et
al. 2001))

Suppose that in addition to the conditions of the General Representer
Theorem we are given a set of M real-valued functions {’t,L'p}[’y:l on X,
with the property that the n x M matrix (Y(x;))ip has rank M. Then
any f .= f + h, with f € Hy and h € span(1,}, minimizing the
regularized risk :

C((X17X27 <oy Xny F(Xl)v F(XZ)a ) F(Xn)) + g(Hf”Hk)v
admits a representation of the form :
. n M
B = 3 aik(,x) + 3 Botsol-),
i=1 p=1

with unique coefficients 3,, p=1,..., M.

Proof : the same arguments can be used as {1, }p=1 is fixed.
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Support Vector Machine : nonlinear fi iers in 2D space
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